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Voronoi diagram

¥ Let S be a given set of!n point sites

¥ VD(S) is a partition of space into 
cells

¥ Voronoi cell of a site p is the set of 
all points closer to p than to any 
other site

¥ General position: no three points 
collinear and no four points co-
circular => every Voronoi vertex 
has degree!3

VorS(p) := {x ! Rd : " x # p" 2 $ " x # q" 2 for every q ! S}
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Delaunay Triangulation

¥ Empty circumcircle 
property: ∆pqr iff 
circumcircle(pqr) empty

¥ DT(S) is dual of VD(S)
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Complexity of Delaunay 
Triangulations in 3D

¥Integer points in [∆]3: O(∆3)

¥Random points: O(n) expected

¥Well-spaced=(epsilon,delta) sample: O(n/
delta2)

¥Spread ∆: Ω(min{∆3,n∆,n2})

¥Any Þxed generic surface: O(n log n)

Guest lecture by Jeff Erickson on January 8, 2009
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In-Circle Predicate in 2D
Given three points in R2 in counter-clockwise (CCW) order, and a fourth 
point, is the fourth point outside the circumcircle of the Þrst three?

!
!
!
!
!
!
!
!

1 x1 y1 x2
1 + y2

1
1 x2 y2 x2

2 + y2
2

1 x3 y3 x2
3 + y2

3
1 x4 y4 x2

4 + y2
4

!
!
!
!
!
!
!
!

> 0, then outside

= 0, then co-planar

< 0, then inside

6Tuesday, January 13, 2009



Orientation Predicate in 3D
Given three points in R3, and a fourth point, is the fourth point on the 
positive side of the plane through the Þrst three, as determined by the 
right-hand rule?

> 0, then positive

= 0, then co-planar

< 0, then negative

!
!
!
!
!
!
!
!

1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

1 x4 y4 z4

!
!
!
!
!
!
!
!
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Delaunay Triangulations in 2D
from Convex Hulls in 3D

¥ Lift each point (x,y) in S 
to the standard 
paraboloid z=x2+y2

¥ Compute 3D convex 
hull of points (x,y,x2+y2) 
using 3D orientation test 
= 2D in-circle test

¥ Project lower hull down 
(ignore z-coordinate) for 
Delaunay triangulation

!
!
!
!
!
!
!
!

1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

1 x4 y4 z4

!
!
!
!
!
!
!
!

3D orientation test

∣∣∣∣∣∣∣∣

1 x1 y1 x2
1 + y2

1
1 x2 y2 x2

2 + y2
2

1 x3 y3 x2
3 + y2

3
1 x4 y4 x2

4 + y2
4

∣∣∣∣∣∣∣∣
2D in-circle test

Note: Every lifted point is on the 3D convex hull of the lifted point set
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Delaunay Triangulations in 2D
from Convex Hulls in 3D

¥ Delaunay triangulation of S 
is (the projection of) the 
lower convex hull of S lifted 
to the standard paraboloid 
z=x2+y2

¥ Voronoi diagram of S is (the 
projection of) the upper 
envelope of planes tangent 
to the paraboloid at the lifted 
versions of S
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Reminder

Homework 1
Due before class on Thursday

¥ Read the following paper and write a critical analysis:

Anisotropic Voronoi Diagrams and Guaranteed-Quality Anisotropic Mesh Generation. Fran•ois 
Labelle and Jonathan Richard Shewchuk. Proceedings of the ACM Symposium on 
Computational Geometry (SoCG), 2003

¥ Ignore Section 10: Proof of Termination, too technical

¥ Please discuss the paper with me/Keenan and among yourselves, though Þnal report 
must be your own, acknowledge collaboration. Accompanying paper by Boissonnat et al. 
might be useful.

¥ Your 1-page report should contain four parts:

‣ Problem deÞnition and summary of results: what is the problem being solved? 
Summarize the key concepts and results being proved

‣ Pros: what are the novel contributions, key insights, and connections made?

‣ Cons: what are the drawbacks of the solution strategy? what ideas have been 
overlooked? what new approaches should have been considered?

‣ Open problem: identify one unsolved problem motivated by this paper and describe 
an approach to solve it, discussing why the attempt might and might not work
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Volunteer for Presentation
In-class on Thursday

¥ Present paper on anisotropic Voronoi diagrams in 
class on Thursday, January 15, then lead discussion

¥ Please consider this as an opportunity to convey your 
intuition and opinion of the paper

¥ This is not as hard as it looks! Keenan and I are here 
to help. The in-class discussion will be a friendly 
discussion.

¥ You can make slides or simply use the whiteboard
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Randomized Incremental Algorithm
for 3D Convex Hulls
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Randomized Incremental Algorithm

¥ Randomly permute the n input points to get {p1,p2,p3,É,p i-1,pi,É,p n}

¥ Insert each point in random order into the current triangulation / 
convex hull

¥ Repeatedly ßip edges to restore local Delaunay property everywhere

Equivalently, replace facets of old convex hull by those of new hull
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Randomized Incremental Algorithm

¥ Start with the convex hull of the Þrst 4 points = a tetrahedron

¥ At the beginning of the ith step, where i=5,6,É,n, we have 
computed the convex hull CHi-1 of the Þrst i-1 points

¥ In the ith step, we insert point pi and update the convex hull to 
get CHi:

‣ If pi in the interior of CHi-1 then nothing to be done, set 
CHi:=CHi-1

‣ Otherwise, delete all facets of CHi-1 that are visible from 
pi and add new facets that join pi to each edge on the 
horizon of the facets visible from pi to get CHi
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Data Structures
¥ Store the convex hull boundary 

triangulation in a half-edge data 
structure, which also allows us to 
traverse the dual graph

¥ For each uninserted point, maintain 
a pointer to a visible facet of the 
current convex hull (for 2D 
Delaunay triangulation: the facet 
directly above)

¥ For each facet of the current 
convex hull, maintain a list of 
uninserted points that point to it

CGAL: http://www.cgal.org/Manual/3.2/doc_html/cgal_manual/HalfedgeDS/Chapter_main.html
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Analysis: Update Cost

¥ Cost of deleting facets visible from point pi is proportional to 
their number

¥ Start with the representative visible facet of pi and walk in the 
dual graph to identify all visible facets

‣ Each facet is deleted at most once

‣ So, we can count the number of facets created and 
double it to measure the cost of both insertion and 
deletion

¥ Number of facets created by inserting pi = deg(pi, CHi)
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Backwards Analysis

¥ Number of facets created by inserting pi = deg(pi, CHi)

¥ Each of the Þrst i points {p1,p2,É,p i-1,pi} is equally probable 
to be the ith (last) vertex inserted to obtain CHi

¥ CHi is independent of the order of insertion of its points

¥ Therefore, the expected degree of pi in CHi is:

¥ We used the fact that the 1-skeleton of CHi is a planar 
graph with!≤!i vertices, so it has at most 3i-6 edges

E [deg(pi , CHi )] =
i∑

j =1

1
i

deg(pj , CHi ) !
6i
i

! 6
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Analysis: Update Cost

¥ Cost of deleting facets visible from point pi is 
proportional to their number

¥ Each facet is deleted at most once

¥ So, we can count the number of facets created and 
double it to measure the cost of both insertion and 
deletion

¥ Expected number of facets created by inserting pi = O(1)

¥ So, expected total update cost of n insertions = O(n)
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Analysis: Visibility Maintenance Cost

¥ We need to bound the number of times that the visible facet of 
point pi changes in steps 1 through i-1

¥ Suppose the visible facet changes in the jth step, where 1 ≤ j ≤ i-1

¥ Let Δj be the new visible facet of pi

¥ Backwards analysis: Triangle Δj must have been ÒcompletedÓ in 
step j, i.e., the last of the 3 vertices of Δj must have been inserted in 
step j = pj

¥ Each of the 3 vertices of Δj is equally likely to be the last of its 
vertices inserted

¥ Pr[Δj created in step j] = 1/j+1/j+1/j = 3/j
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Analysis: Visibility Maintenance Cost

¥ We need to bound the number of times that the 
visible facet of point pi changes in steps 1 through i-1

¥ Pr[visible facet of pi changes in jth step] = 3/j

¥ Expected update cost for pi:

¥ Therefore, expected total update cost = O(n log n)

3
i!

j =1

1
j

= 3 Hi = O(log i )
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Randomized Incremental Algorithm

¥ Randomly permute the n input points to get {p1,p2,p3,É,p i-1,pi,É,p n}

¥ Start with the convex hull of the Þrst 4 points = a tetrahedron

¥ At the beginning of the ith step, where i=5,6,É,n, we have computed the 
convex hull CHi-1 of the Þrst i-1 points

¥ In the ith step, we insert point pi and update the convex hull to get CHi:

‣ If pi in the interior of CHi-1 then nothing to be done, set CHi:=CHi-1

‣ Otherwise, delete all facets of CHi-1 that are visible from pi and add 
new facets that join pi to each edge on the horizon of the facets 
visible from pi to get CHi

¥ Expected running time = O(n) + O(n log n) = O(n log n)
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Delaunay ReÞnement
in 2D
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Input: Planar Straight-Line Graph

The input is a planar graph!G where each edge 
is a straight line segment between its endpoints

The domain to be meshed is the convex hull or 
the bounding box of!G
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Goals

¥ Respect the input 
domain!∑

¥ Guarantee radius-edge 
ratio!≥!§

¥ Grade or vary the 
triangle size as necessary

¥ Create a triangulation 
with all the above 
properties, with as few 
triangles as possible

ÒTriangle sizes vary quickly over short 
distances, where such variation is desirable, 

to help reduce the number of triangles in the 
mesh.Ó

Ñ Shewchuk
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Delaunay ReÞnement Overview

¥ Start with the Delaunay 
triangulation of the 
vertices

¥ Repeatedly improve the 
quality of the Delaunay 
mesh by adding points

¥ Destroy a skinny triangle 
by inserting a point in its 
circumcircle and 
retriangulating

!"#!$%!&'(&#)

*+,!&'(&#)

25Tuesday, January 13, 2009



Delaunay ReÞnement

¥ Boundary enforcement: If a 
boundary subsegment is 
encroached, then 
subdivide at its midpoint

¥ Circumcenter insertion: If 
∆pqr is skinny, insert its 
circumcenter z unless z 
encroaches on boundary, 
in which case reject z and 
bisect boundary segment

Segment!pq is ÒencroachedÓ by!z 
if!z is in the diametral ball of!pq

∆pqr is ÒskinnyÓ 
if!its circumradius-shortest edge 

length ratio is smaller than a Þxed 
constant!§

26Tuesday, January 13, 2009



Local Feature Size

lfs(x): The local feature size at a point x is the radius of the smallest 
disk centered at x that contains two non-incident features

Figure by Jonathan Shewchuk
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Figure by Jonathan Shewchuk

Lipschitz Property

lfs(p) ≤ lfs(q) + ‖p− q‖By the triangle inequality:
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Figure by Jonathan Shewchuk

Graded Mesh

We say that a mesh of!∑ is graded if for every point!x of!∑, the longest edge 
length of every triangle containing!x, denoted by el(x), is proportional to lfs(x)
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Size Optimality

Theorem: The number of triangles in a mesh!M 
created by Delaunay reÞnement is within a 
constant factor of the minimum number of 
triangles in any graded mesh that also satisÞes 
the same radius-edge ratio upper bound

|M | = !
! "

!

dA
lfs(x)2

#
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Size Lower Bound
!

!

dA
lfs(x)2

=
"

!" K

!

!

dA
lfs(x)2

≤
"

!" K

!

!

dA
el(x)2

=
"

!" K

1
el(")2

!

!
dA

≤
"

!" K

1
el(")2

area(")

≤
"

!" K

1
el(")2

c1 el(")2

= c1 |K |

Let K be a graded mesh of ∑ with radius-edge ratio ≤ §

because K is graded, el(x) ≤ lfs(x)

because K has radius-edge ratio ≤ §, we have 
area(∆) ≤ c1 el(∆)2 for some constant c1
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Size Upper Bound
Lemma: For any two vertices p,q of the mesh M constructed by Delaunay reÞnement, we 
have ||p-q|| ≥ c2 lfs(p), for some constant c2

Proof: By induction on the number of Delaunay reÞnement steps

For every vertex p of M, i.e., p in V(M), let Dp be a disk centered at p with radius 1Ú2 x 
nearest-neighbor distance at p
!

Σ

dA
lfs(x)2 !

"

p∈V (M )

!

Dp∩Σ

dA
lfs(x)2

!
"

p∈V (M )

!

Dp∩Σ

dA
(lfs(p) + rp)2

=
"

p∈V (M )

area(Dp " Σ)
(lfs(p) + rp)2

!
"

p∈V (M )

c3 ! r 2
p

(lfs(p) + rp)2

= c4 ��M ��

because the DpÕs are disjoint

for every x in Dp, lfs(x) ≤ lfs(p) + rp by 
Lipschitz condition

the constant c3 depends on ∑

rp ≤ c4 lfs(p) by the Lemma
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Main Challenge: Small Angles

The main hurdle is to guarantee termination in 
the presence of small (acute) angles in the input
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Off-Center Insertion
Improved alternative to circumcenter insertion for 

Delaunay reÞnement
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Advantage of Off-Centers

¥ If we were to insert the 
circumcenter c1, ∆pqc1 
would still be skinny and 
require more reÞnement 
steps

¥ Instead, if we insert the 
off-center c, then around 
a small feature pq we 
create a good element 
with the longest possible 
new features

Question: Why not insert c so that ∆pqc is equilateral?
Figure by Alper †ngšr
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Homework
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Reading Assignment
Due before class on Tuesday, January 20

¥ Read the following paper and write a 1-page critical 
analysis:

Parallel Delaunay ReÞnement: Algorithms and Analyses. Dan 
Spielman, Shang-Hua Teng, and Alper †ngšr. International 
Journal of Computational Geometry & Applications, vol. 17, 
no. 1, pages 1Ð30, 2007

¥ As usual, your 4-part report should discuss the problem 
and its solution, pros and cons of this paper, and discuss 
at least one open problem motivated by this paper
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Extra Credit

Describe a data structure to efÞciently compute 
the local feature size:

Pre-process a given planar straight-line graph!G 
with n vertices and O(n) edges and build a data 
structure so that, for every query point x, we 
can use this data structure to compute lfs(x) in 
O(log!n) time

Recall that!lfs(x) is the radius of the smallest disk centered at!x 
that intersects two non-incident features (vertices/edges) of!G
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Project Topics

39Tuesday, January 13, 2009



Smoothed Complexity of 
Delaunay Triangulations in 3D

¥ For any point set P in R3, let DT(P) denote its Delaunay triangulation and let |
DT(P)| denote the number of tetrahedra in DT(P)

¥ For any point set P and a real s>0, let P+s denote the point set perturbed according 
to a Gaussian distribution with variance s:
every point in p is moved to a new point pÕ by adding a random displacement whose mean is 
zero and standard deviation is s.

¥ Clearly, the complexity of DT(P+s) is a random variable, an integer at least Ω(n) and 
at most O(n2).  Let E[|DT(P+s)|] denote the expected value of this random variable.

¥ The smoothed complexity of Delaunay triangulations in R3 is:

¥ Project: Investigate upper and lower bounds on this smoothed complexity. Note that 
the smoothed complexity is a function of the standard deviation s as well as n.

max
P ! R3

E [|DT (P + s)|]
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