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Abstract— We give efficient sequential and distributed approxi- The first unified coloring-based framework for resource
mation algorithms for strong edge coloring graphs modeling wire-  gllocation problems in channel assignment was described by
less networks. Strong edge coloring is equivalent to computing pamanathan [3], but most results [7], [8] consider node-based
a conflict-free assignment of channels or frequencies to pairwise . . :
links between transceivers in the network. conflict models, i.e., vertex coloring problems. Our results

extend those in [9], giving a better analysis, and solving the
|. INTRODUCTION more general problem with multiple frequencies. The MAC

A wireless radio network consists of a group of transceivelayer, which is concerned with avoiding collisions due to signal
in space communicating with each other over a sharéderference, especially the 802.11 protocol, has been the
medium. Each transceiver has a range (a geographic regitapic of numerous papers, both theoretical [1] and experimen-
within which it can communicate with other transceiverdal [10]-[12]. A good collision avoidance protocol in the MAC
Communication can take place between a pair of nodes thayer is necessary for efficient utilization of the bandwidth
are both in range of each other via protocols that send dafathe underlying medium [13]. Finding the exact number of
packets in one direction and acknowledgements in the ottealors required for a strong edge coloring of particular classes
direction. of graphs has been studied extensively [4], [5], [14]. We are

Assigning channels or frequencies to the links betwe@oncerned with efficient and provable algorithms to produce a
transceivers to avoigrimary and secondaryinterference cor- strong edge coloring efficiently, even if it uses more than the
responds to thestrong edge coloringoroblem (also called optimum number of colors.
distance-2 edge coloringn the graph that models the radio
network [1]-[3]. This undirected graph has one node for
each transceiver; for every pair of transceivers such that each ‘ 2
transceiver is in the range of the other, there is an edge between N ’
the corresponding nodes. In this graph, a valid strong edge
coloring must assign distinct colors, corresponding to distinct
channels, to any pair of edges between which there is a paf}) 1. primary interference occursabecause it receives signals from both
of length at most two. Since each color corresponds touandw on the same channel. Secondary interference occurbetause it
channel, it is important to produce a strong edge coloring ggeeives signals fron intended forv on the same channel as from its own
the entire graph that uses a minimum number of colors or o
maximize the number of edges colored |rpa!rt|al coloring, _ Il APPROXIMATION ALGORITHMS FORD2EC(G)
i.e., a coloring of some subgraph. We consider the following
two related problems. A. For c-inductive graphs
Problem D2EC(G): Compute a strong edge coloring of a A graphG is c-inductiveif either G has at most vertices
given graphG = (V, E) with the fewest possible colors.or G has a vertex: of degree at most such thatG — u is
Equivalently, compute an interference-free channel assignmesibhductive. EquivalentlyG is c-inductive if its vertices can
with the fewest channels. be numbered so that at mostneighbors of any vertex
Problem D2EC(G,k): Maximize the number of edges colorechave higher numbers than Every graphG is c-inductive
in a partial strong edge coloring with at mastcolors of a for somec in the ranged < ¢ < A whereé and A denote
given graphG = (V, E). Equivalently, compute a channelthe minimum and maximum vertex degrees(dfespectively.
assignment with at mogt channels that maximizes the pairsirees arel-inductive, outerplanar graphs atdanductive [15],
of transceivers that can communicate without interference. and planar graphs afeinductive. By a simple application of

Mahdian [4], [5] and Ericksonet al. [6] proved that Euler's formula [16], it can be seen that graphs of bounded
D2EC(G) is NP-complete. The hardness of D2Eg({mplies genus are)(1)-inductive.
that problem D2EQE,k) is also NP-complete. Hence, approx-Greedy algorithm: Compute an inductive ordering of the
imation algorithms are necessary. vertices ofG as follows. For eachi = 1,2,..., let v; be a



vertex of degree at mostin G — {vy, va, ..., v;—1}. Such Salavatipour [17] gives a polynomial-time algorithm to
a vertex always exists becau&keis c-inductive. Consider the determine for a givers whether there exists a strong edge
vertices in the reverse order, i.e,,, v,,_1, ..., v1. At stepi, coloring with at mosts colors of a graph with treewidtl;
color all previously uncolored edges incidentwqrin arbitrary the algorithm can be modified to find a coloring wittcolors
order) greedily: each uncolored edge is assigned the availaiblié exists. We give a faster, simpler approximation algorithm.
color of smallest index. If G is a graph with treewidti’” and maximum degred,

Theorem 2.1:The greedy algorithm uses at mosthen it is easy to see that itkie graph L(G) has treewidth
(4c —3)A — 2¢c + 3 colors and runs inO(nAlogn) at most WA. Hence, the treewidth of.(G)? is at most
time. (W +1)A2. Therefore, if W, A are constants, theh(G)?

Proof: Suppose the edg@;,v;) where;j < i is being also has constant treewidth. A strong edge coloringGof

colored in step. Recall that at the beginning of thth stage is equivalent to a proper vertex coloring @f(G)?. Using
only edges incident on vertices numbered greater thaave results on coloring treewidth bounded graph [18], we have
been colored. The edges within distance 2 of the dadge;) the following theorem.

that have already been colored belong to two classes. Theorem 2.2:There exists a polynomial-time algorithm for
Edges incident on a neighbor of v;. The vertexv; has at most D2EC(G) if G has bounded treewidth and bounded degree.
neighbors among{v;+1, viy2, ..., v,}, and all the edges

incident on these neighbors have been colored. This accou%’ts[:or disk graphs

for at mostcA edges. In additiony; has at mostA — 1 We are givenn transceivers located in the plane. Each
neighbors other tham, that are numbered smaller than transceiven: has a communication range which is a digk.
Each of those neighbors has at mest 1 neighbors among Two transceiversy and v can communicate if and or_1ly if
{vi41, Vit2, ..., vo} and these are the only edges already € Du @ndu € D, . In other wordsy andv can communicate
colored. This accounts for anothéA — 1)(c — 1) edges at i and only if each can receive signals (data and acknowledg-
most. The total number of edges in this class is therefore BNt packets) from the other.

mostcA + (¢ — 1)(A — 1). A disk graphG = (V,E) is a directed graph with
Edges incident on a neighbor of v;. The vertexv; has at most vertices corresponding to .the transceivers and_ a directed
neighbors amongv, 1, vj+2, ..., v,} and hence at most®dgeéu — v if and only if the disk D, containsv. We
c—1 neighbors amonguv; 1, viss, - .., vn}, and all the edges want to color only bidirected edges (since communication

incident on these neighbors have been colored. This accodt8 happen only on those). The other (unidirectional) edges
for at most(c — 1)A edges. In additiony; has at mostA — 1 contribute to the interference: so bld!rected edgew) and
neighbors that are numbered smaller tharEach of those (#v') can get the same color provided none of the edges
neighbors has at most— 1 neighbors amongviy1, vz, (u,u), (u,v), (v,u’), (v,v") or their reversals are present.

.., v,} and these are the only edges already colored. ThisLet d(u,v) denote the length of the shortest path b(_atween
accounts for anothefA — 1)(c — 1) edges at most. The total@Y Wo nodesu and v of G. For edgee = (u,v), define
number of edges in this class is therefore at nfost 1)A + (€)= 7(u) +7(v). Let N> = {¢' € Na(e) : () = 7(e)}.
(c—1)(A—1). For nodev, let N(v) = {w € V]w € D(v)}. Equivalently

Thus, the total number of edges within distance 2 of th (v) = {wld(v,w) < 1}/‘ Let ]YQ(”) = {w|d(””]”) < 2}.
edge(v;,v;) that have been colored prior to the edge,v;) -O" €dgee, let Na(e) = {€'ld(e, ¢') < 1} and forE’ C E, let
itself is at mosticA — 2c— 3A +2; our algorithm uses at most V2(E') = Ueer N2 (e). Let OPT denote the number of colors
one color more. The inductive ordering can be computed f @1 Optimum strong edge coloring Gf. /

O(nlogn) time along with an ordering of the edges using greedy algorithm: First, order the edges iR’ asey, ..., e,
heap. During the coloring, when edge, v;) is being colored, ?’UCh/ thatr(e;) < r(e2) < ... < r(en). Then, color the edges
one has to examine the colors 6{A) edges, assumingis " E’ in the reverse order—for each edgg color it with the
a constant. m Smallest numbered unused color.

Since every planar graph sinductive, the algorithm yields As a result of .packmg constraints, .for any edgethe
a 17-approximation for planar graphs. _number qf edges |rj\_f2(e_) that can be given the same golor

in an optimum solution i$)(1). We thus have the following
theorem.

Theorem 2.3:The number of colors used by the above

A tree decompositiorj7] of a graph G(V, E) is a pair algorithm isO(OPT).

({X;li e I}, T = (1, F)) with {X;]i € I} a family of subsets A disk graph is aunit disk graphif each disk has unit
of V, one for each node of tré€ such that (i)uU;,X; = V, radius. A unit disk graph is undirected singec D, if and
(i) V(u,v) € E, there exists an € I such thatu,v € X;, only if v € D,. Order the disks in increasing lexicographic
and (i) Vu € V, the set of allX; containing« form a order of their(y, z) coordinates. Sa; < v if and only if either
connected component iA. Thewidth of such a decomposition (i) « is belowwv, or (i) v andv are on the same horizontal
is max;cs |X;| — 1 and thetreewidth of a graphG is the line, andu is to the left ofv. The ordering of disks induces
minimum width over all possible tree decompositionsthf  a corresponding ordering of the edges. For each disthe

B. For graphs of bounded treewidth



edges(u, v) incident onu are considered in the same ordethe geometric nature of wireless networks; these techniques
as the order of the neighbors of might be of independent interest. The algorithms can be ex-
Algorithm UnitDisk: Greedily color every edgéu,v) of G tended to some of the variants considered by Ramanathan [3].
with v < u taken in order with the color of smallest index not In this model, transmission by a node is always a broadcast:
yet used on any edge within distanzef the edge(u, v). all nodes within the transmission range will (simultaneously)

Theorem 2.4:Algorithm UnitDisk uses at most OPT+ 1 receive the signal. In each round a node can either transmit,
colors where @T is the number of colors in an optimumi.e., beactivg or keep silent. A node receives a message
strong edge coloring of5. from a nodew in a given round if and only i keeps silent

Proof: Consider the edge = (u,v) incident onuw and w is the only neighbor to transmit. If more than one
currently being assigned a color by algorithm UnitDisk; weaeighbor ofv transmits in a given round, there is a collision,
havev < u. Any edgee’ within distance2 of (u, v) must have and the receiving node hears only noise. We will assume that
at least one endpoint in D, U D, and both endpoints mustnodes can determine whether there is a collision or not. For a
precedeu in the lexicographic ordering. The regidn, U D, nodev, letdeg(v) denote itsactive degregi.e., the number of
can be partitioned into at mod sectors of unit diameter neighbors ofv that are active in the current round. Most of our
(Figure 2). In fact, ife’ = (w, z) has been colored before thealgorithms assume synchronous computing: this will require
edgee = (u,v) then neitherv nor z can belong to the subsetperiodic transmission of synchronization messages. For one of
of D, U D, aboveu. Therefore, neithetv nor z can belong our algorithms, we will not assume any synchronization.
to any one of the sectors ofD,, \ D, above the horizontal Each node has a unigue ID and is aware of the size of
line throughu. (Sincev < w, nodev must lie on or below its neighborhood, but not necessarily the IDs of neighboring
the horizontal line through.) For any two nodes andb in  nodes. For general disk graphs, we also need to know the
one of the remainin@ sectors, it is the case that bdile D, minimum and maximum broadcast ranges. All our algorithms
anda € Dy, and so all nodes in any one sector form a cliquare randomized, and the guarantees on the running time, i.e.,
in G. number of rounds, hold with high probability (arbitrarily close
to 1).

We count separately the time that is required to compute the
active degree of each node in the radio broadcast model. We
assume that, at the beginning of each round of our algorithm,
every vertex computes its active degree in a distributed fashion
in p rounds.

The edges assigned any one color formst@ng matching
Let D2EMIS(G) denote the problem of finding a strong
matching of maximum cardinality in the unit disk gragh
We will repeatedly use a distributed algorithm for the D2EMIS
problem as a subroutine for computing a strong edge coloring

If algorithm UnitDisk chooses colok + 1 for the edgee Of G with & colors. Algorithm D2M-DST-UNITDIsSK  of
it must be the case that distinct colors already appear onfigure 3 is executed by each node that wants to reserve the
the edges within distanczof e. Since at least/8 colors are channel; this is the same algorithm as in [9].

Fig. 2. The unionD,, U D,, of two disks of unit radius can be partitioned
into 10 subsets of unit diameter

necessary to colors these edges, the algorithm uses at modfheorem 3.L1:Algorithm D2M-DisT-UNITDISK
8 OPT + 1 colors. m fterminates in expected)(plogn) rounds and produces
an O(1)-approximate solution to D2EMI&{) for unit disk
I1l. DISTRIBUTED ALGORITHMS FORD2EC(G k) graphG.

We give distributed algorithms in a synchronized radio Due to lack of space, we only give proof sketches. For a
broadcast model of computation, running in a logarithmicode v, deg(v) is the number of neighbors eof that are still
number of rounds and producing &n1)-approximate solu- active because theb() value is still set to-1. Given a square
tion to the D2ECG,k) problem for disk graphs. We showregion A of size /¢ x ¢, we will also denote the set of points
that the distributed algorithm of Balakrishnat al. [9] runs in it by A. Let S(A) = {v € A : deg(v) < |A|}. A region
in O(plogn) rounds. Here,p denotes the time it takes to A that satisfiesS(A)| > ~|A| for some constant is said
compute theactive degreddefined later) of each nodein a to begood In a unit disk graph, for any edge there can
radio broadcast model. Using this result we deviseldh)- be at mostO(1) edges inVa(e) in any D2-matching [7], [9].
approximate solution i@ (log n log R) rounds for disk graphs, This fact implies that only a constant number of edges can be
where R is the ratio of largest to smallest radii. Using thehosen in the neighborhood of an edge in any strong matching
above algorithms as subroutines, we design distributed algs- a result of packing constraints. LBt (v) denote the disk
rithms with O(1) performance for the D2EQ(k) problem of radius2 centered av.
with additional multiplicative factor ofi in the number of Lemma 3.2:Let £(v) denote the event thatv) = 1 and
rounds for both unit disk and general disk graphs. The tectiw € Dy (v), w # v, b(w) = 0. Then,Pr[€(v)] > €/(deg(v)+
niques developed in order to obtain the desired bounds explbjf for a constant > 0.



Proof: Because of the independent trialRy[E(v)] = v € V(B). By the argument in the previous paragraph, for
WMH%DW’W#”Q_W)' Partition Dy (v) _into a eachv there is and such thatv, A) € E’ anddeg(v) < 4|AJ;
constant number of regior?y, . . ., R, such that the diameter color such an edgév, A) red. Then, at least a quarter of all
of eachR; is at most%; this can be done in any arbitrarythe edges inF’ are red. Hence, at least one cdllin S(B)
manner, as long as is a constant. Then, for eacR; and must have the property that a quarter of the edges incident
Yw € R;, deg(w) > |R;|. Hence, on A are colored red; such a cell satisfies|S(A)| > |A|/4.

Each such constant-sized pdtthas at least one good cell.

Pr[E(v)] > 1 ﬁ H (1 _ 1 > Since there are only a constant number of cellsS{B), a
deg(v) +1 ek, deg(w) +1 constant fraction of the cells i§ are good. [ |
1 s ' 1 Proof: [Theorem 3.1] The size of the D2EMIS found by
P — H H (1 - > algorithm D2M-DsT-UNITDIsK is within a constant factor
deg(v) +1 =1 weR; | il of the optimal, since only a constant number of edges can
1 s 1\ Bl be chosen in the neighborhood of an edge in any strong
= T Tl 11 <1 - |R|> matching [9]. For Phase 1, we will show that the expected
i=1 ' number of rounds i€)(plogn), in contrast with the analysis
1 (fe)* = € in [9]. For Phase 2, we still use the analysis from [9], which
deg(v) +1 (deg(v) + 1) provesO(1) rounds.

Let S be as defined in Lemma 3.4: the union of all the

Lemma 3.3:Let A be al x 1 square region. Consider9Md cells in 777, (p, q) = (0,0),(0,3),(3,0),(3, 3) that
some phase of the algorithm in which points ind are contain at least one point. The Lemma implies that at least
still participating. Let&(v) denote the event that node a Constant_ fraction of the_(non-empty) cells share good;
setsé(v) — 1. Let £(A) denote the event,c4&(v). Then let « be this constant fraction. By Lemma 3.3, for each good
Pr[E(A)] > ¢, wheree is a constant ifA is éjood " cell, event&(A), which denotes the event that some point
Proof The eventst(v), v € A are mutually disjoint, from A is picked in phasé, holds with probability at least.

becausé(v) — 1 implies all nodesw € Dy (v) setb(w) — 0 If event&(A) holds, all the nodes inl will stop participating

dA C Dy(v). Therefore Prig(A)] > Prie ~  in subsequent rounds, and ﬁow_i" bg removed froms. .
an C Dy(v) erefore, Pr{&( )]_— E%zﬁﬁ HE@)] = To compute wake-up probability in each round we require

2vea deg(Z)H 2 Z:weé‘(A) |A|E+1 = TJAg 2 © The that each node compute its degree. By assumption this task
.second. Inequality ,fO”O)NS from Lemma 3'2’, and the la?&keSp inner rounds. LetS; denote the subset of cells that
inequality follows S'nC&, Y a}(r)eo)cohstants and is gf)od. . still contain (active) points after stepand let.X; denote the
Any good grid cellA in 7, = will lose some points with nmber of points that become inactive in stef.e. theirb()
constant probability. Our algorithm would be making goog,j e is set to0 or 1. By the argument in the previous
progress in each round, if a large fraction of the cells aH’aragraph,E[Xi] > calS|, and Siyy = S; \ X. It follows
good.olg need not be true that a constant fractions of (t)hoe C%tEHSi+1H < (1__ ca)E[|Si], and by standard arguments
in 7" will be good; but, if we perturb the grid;" (for instance, as in [19]), it follows that the expected number
along either axis by}, and consider all the cells in these gridg¢ rounds isO(plog n). -
together, a constant fraction of these cells will be good. For general disk graphs, we again use the algorithm
Lemma 3.4:In any phasei, let S be the set of all grid from [9]. Assume without loss of generality that the minimum
cells in 7, ", 7,2 71/29 and 7,1/21/?) that contain radius is1 and the maximum radius i&. The algorithm
at least one point. Then a constant fraction of the cell§ injn [9] partitions the edges int®(log R) subsetsE; = {e :

are good. _ _ _ r(e) € [2¢71,2¢ — 1]}, and considers each subsEt in a
_ Proof:  Consider any point that still does not have separate round. See Figure 4. Our improved analysis gives us
b(v) = —1 in the current phase. There is a unique cethe following result.

containing this point in any grid’l(”’q); so there are four cells, Theorem 3.5:Algorithm  D2M-DIST-DISK  runs in

say Ay, A, A3, Ay, in S that containv. D(v) is completely O(plognlog R) time and gives an O(1)-approximate
contained in the union of these four cells, and therefore fgolution to D2EMIS(G) for general disk grapit:, where p

at least one of these celld;, it is true that|N(v) N A;] > denotes the time to compute the active degree of each node
deg(v)/4, and sodeg(v) < 4|A;]. in the radio broadcast model.

Partition the bounding box of the points intox ¢ sized
squares (for a constam) and consider one such squabe
There are a constant number of cells & that overlap  We gave efficient sequential and distributed approximation
with B; let S(B) denote the set of such cells. L&(B) algorithms for strong edge coloring of graphs modeling wire-
denote the set of points iB. Now, consider a bipartite graphless radio networks. Our algorithms can be used to compute
H(V(B),S(B), E'): one set of vertices i%(B) and the other an interference-free channel assignment for pairwise links in
is the setS(B); there is an edgév, A) betweerv € V(B) and the network either by a global omniscient entity or by a local
A € §(B)ifandonly ifv € A. Clearly,degy (v) = 4 for each distributed computation at each node.

IV. CONCLUSION
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Phase 1:This phase consists of the following three steps, constituting one round. These steps are repeé(evd anfd, 1},
for each node. Only nodesu with b(v) = —1 participate in these steps. Initially, each nadbasb(v) = —1. Every nodev
will run the following protocol if none of its neighbors is currently transmitting.
1) Initially Vv, b(v) = 0. Each nodev setsb(v) = 1 with probability 1/(deg(v) 4+ 1) (wake up probability). Ifb(v) =1
thenv sends arRTS.

2) If any nodew hears a collision, it sends @OLLISION signal.

3) If b(v) = 1 and v hears noCOLLISION or RTS signal(s) from any other nodes iP(v), it sends anRTS-
SUCCESSFUL signal and set(v) = 1.

4) If v hears anRTS-SUCCESSFUL signal from some node iD(v), it setsb(v) = 0 and retransmits aflRTS-
SUCCESSFUL signal. A

5) If any nodew hears arRTS-SUCCESSFUL signal or a collision due to multiple such signals, it s&t®) = 0.

Phase 2:Let S = {v|b(v) = 1}. Note thatS forms a distance-2 independent set. In this phase, for eachneds’
we choose a nodex(v) € D(v) such that(v, m(v)) form a D2-matching.

cs,

Node v maintains a variablé(v), initially Vv, é(v) = —1. For eachv € S, the pairv and m(v) work together in the
following steps constituting one round. The steps are repeatedvundl S, é(v) € {0,1}.
1) Nodev keeps a random variablgv), initially ¢(v) = 0. Eachv setsc(v) = 1 with constant probabilityv. If c(v) = 1,

thenv and broadcasts aRTS1 signal.

For eachw, if node m(v) hears arRTS1 signal it rebroadcasts it and setsn(v)) = 1.

If nodew or m(v) sees a collision, due to multiple transmissions, it sen@O&aLISION signal.

If ¢(v) = ¢(m(v)) = 1 andv andm(v) do not hearCOLLISION signal, they both send RTS1-SUCCESSFUL
signal, and set(v) = 1.

Any nodewv that hears &RTS1-SUCCESSFUL signal sets?(v) = 0.

Fig. 3. Distributed algorithm D2M-BT-UNITDISK for D2EMIS(G) for a unit disk graphG

1)
2)

If Vw € N(v),v € N(w) holds for nodev, then it does not participate in the following steps.
Roundi comprises of the following steps. Perform these rounds for eacld, ... log R + 1.
a) All nodesv with 2! < r(v) < 2° that havew € N (v) with v € N(w),r(w) < 2 participate. Such nodes ru
Step 2 of algorithm D2M-DsT-UNITDISK and choose a distance-2 independent%et
b) For each node € S, v chooses node:(v) € N(v) such that (ijv € N(m(v)), and (i) r(v) +r(m(v)) < 2°TL,
¢) The nodes, m(v), Vv € S run Step 4 of algorithm D2M-BT-UNITDISK and choose an set of edges to add
existing D2EMIS. All nodes within distance 1 of the chosen edges do not participate any further.

Fig. 4. Distributed algorithm D2M-BT-Disk for D2EMIS(G) for a general disk graply
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