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Motivation

Imp ortant applications in science and engineering involve simu-
lating transient time-dep endent phenomena

e.g., Conservation La ws in Elasto dynamics and Fluid Dynamics.
Ocean waves, Acoustics, Gas dynamics, T ra�c 
o w

Computer simulation of such phenomena involves solving space-
time hyp erb olic PDEs

e.g., W ave traveling along a taut string with wavesp eed ! :

utt � ! 2uxx = 0
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Linea r elasto dynamics

s

s

When a rectangula r plate with a crack in the center is loaded,

the sho ck wave scatters o� the crack-tip

Meshing: Shuo-Heng Chung, Shripad Thite; Solution: Reza Ab edi;

Visualization: Yuan Zhou

4



My thesis topic

A spacetime mesh is a partition of the spacetime domain into
simplices (triangles, tetrahedra, etc.)

Given a spacetime mesh 
, Spacetime Discontinuous Galerkin
(SDG) metho ds compute the app roximate numerical solution
over 


I give algo rithms to generate spacetime meshes in dD � time

The algo rithms in my thesis supp ort an e�cient, parallelizable,
O( N )-time solution strategy by SDG metho ds

I prove worst-case gua rantees on the size and qualit y of the mesh
5



Causalit y
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Cone of in
uence

Point A in
uences point B (A � B) i� changing the parameters
at A could possibly change the solution at B

Points in
uenced by A are app roximated by a cone of in
uence
with ap ex A and slop e 1=! (A)

A

B

x

y

t

If neither A � B nor B � A, then A and B are indep endent
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Coupling

Spacetime element A in
uences spacetime element B (A � B)
i� some point of A in
uences some point of B

If A � B, then A must be solved no later than B

If A � B and B � A; then, A and B are coupled and must be
solved simultaneously

A B
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Patches

A patch � is a set of elements that must be solved simultaneously

A patch plus its in
o w info rmation is a solvable unit

A B

W e generate meshes incrementally patch-b y-patch so that
T otal computation time =

P
patch � 2 
 Time to solve �

is bounded
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Advancing F ront Meshing
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Basic incremental algo rithm

Input: triangulation of the d-dimensional space domain M at
time t = 0

Output: ( d + 1)-dimensional spacetime mesh 
 of M � [0 ; 1 )

Construct a sequence of fronts � 0, � 1, � 2, : : :, emb edded in
spacetime|create small patches between successive fronts

A front is a terrain

x

t

front

space mesh
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Basic incremental algo rithm

Initialize � 0  M t=0
For i = 0, 1, 2, ...

Advance a lo cal neighb orho od N of � i to N 0

T riangulate the volume between � i and � i +1
Solve the resulting patch

Each new front is obtained from the previous front by a lo cal
op eration
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Every front must be causal

A front is causal i� it is an indep endent set|no two points of a
front in
uence each other

The slop e of a causal front is less than that of the cone of
in
uence of each of its points

A

time
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T ent Pitcher

Advances in time a vertex P to P 0

Greedily maximizes the height of the tentp ole P P 0 subject to
causalit y

outflow faces

tentpole

implicit
faces

inflow
faces

new
front

old
front

Old and new fronts causal = ) patch can be solved immediately
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T ent Pitcher plus

In 2D � time and higher dimensions, being to o greedy at each
step can prevent progress in future [ •Ung•or and She�er, IMR'00]

Erickson et al. [Engg. with Computers , '05] devised progress
constraints

Causalit y and progress constraints gua rantee progress, prop or-
tional to lo cal geometry , when a lo cal minimum vertex is pitched
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My imp rovements to T ent Pitcher

1. Adapt mesh resolution to erro r estimates in 2D � time

2. Adapt duration of spacetime elements to changing wavesp eeds
in dD � time

All this requires new constraints and a new meshing algo rithm
which I derive and prove correct
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Imp rovements to T ent Pitcher (cont'd.)

3. Adapt size and position of mesh features to track moving
bounda ries

I prop ose a set of mo re general front advancing op erations re-
quired and useful fo r bounda ry tracking

I give a framew ork to perfo rm various op erations when possible
and desirable
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T echnical Details

18



Progress constraint

Limit progress at each step to gua rantee progress in the next step

0

1

p
lowest

q
lowest

pq

r

P

R

Q

[Damrong Guo y]
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Next step is legal

0

1

2

R

Qpq

r

P

lift
p

lift
q
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Causalit y violated in next step

0

1

3

4

R

Qpq

r

lift
p

lift
q
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Forbidden zones
R

Qpq

r

gradient of qr gradient of pr

Progress constraint 1=! limits slop e of QR and of P R
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Adapting to changing wavesp eeds

W avesp eeds can be solution-dep endent fo r nonlinea r PDEs

Increasing wavesp eed breaks old algo rithm

At every step, the front must satisfy a progress constraint that
anticipates the wavesp eed in the next step

I derive a progressive inva riant that gua rantees progress even
when wavesp eed increases discontinuously

I give an algo rithm to greedily maximize progress subject to this
inva riant
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No fo cusing: ! ( P ) � max P 2 cone ( Q) f ! ( Q) g

Q0 Q

P0

P

Allo ws us to conservatively estimate future wavesp eed given the
cone of in
uence everywhere on the current front
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Handling faster wavesp eeds

When wavesp eed is not constant, we cannot be greedy because
the amount of progress in the current step dep ends on the future
wavesp eed

I give an algo rithm to lo ok ahead h tent pitching steps to con-
servatively estimate future wavesp eed

The new algo rithm maximizes tentp ole height in the current step
subject to this conservative estimate
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Lo ok ahead one step

kr PQRk < 1=! (PQR)

1=! (PQR)
0

pq

r

P
Q

1
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Lo ok ahead one step

kr P0QRk = 1=! (P0QR)

1=! (PQR)

1=! (P0QR)

0

1

2

pq

r

P
Q

R
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Lo ok ahead one step

1=! (PQR)

1=! (P0QR)

1=! max

0

1

2

3

pq

r

P
Q

R
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Inva riant: h-progressive

Let � > 0 be a function of the shap e of 4 pqr .
T riangle P QR is h-progressive i� it is causal and

h = 0: P QR is 0-p rogressive if it satis�es progress con-
straint 1=! max

h > 0: P QR is h-progressive if after pitching lo cal mini-
mum P of P QR to P 0 by � , 4 P 0QR is ( h � 1)-p rogressive

Horizon h limits numb er of lo okahead steps
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Nonlo cal cone constraints

When wavesp eed is not constant, most limiting cone constraint
can be nonlo cal
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Re�nement and coarsening

A B C
A A

D

D

B C B C

B C

BC

New est vertex bisection [Sew ell '72, Mitchell '88]

Spacetime mesh is not confo rming!

Bisecting triangles on the current front
decreases size of future spacetime elements

Coa rsening � De-re�nement
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Adaptive progress constraint

B

B

D

D
A

A
C

C

Gradient vecto r is excluded from eight fo rbidden zones
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Linea r adaptive example
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Mesh adaptivit y with nonlinea rit y

I give an algo rithm to adapt size (to erro r estimates) and duration
(to changing wavesp eed) of elements

Unify (i) adaptive progress constraint, and (ii) lo okahead algo-
rithm fo r meshing with nonlo cal cone constraints

During lo okahead, if the algo rithm predicts a bad qualit y element
due to increasing wavesp eed, then it can preemptively re�ne the
front

Re�nement imp roves or maintains temp oral aspect ratio

Mo re progress can be made in the current step if the algo rithm
prepa res fo r future re�nement
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New inva riant: ( h; l )-p rogressive

A front � is ( h; l )-p rogressive if and only if it is causal and

1. � is h-progressive; and

2. bisect( � ) is ( h; max f l � 1; 0g)-p rogressive.

Base case l = 0: � is ( h; 0)-p rogressive if bisect k( � ) is
h-progressive fo r every k � 0.

Progress constraint adapts to the level of re�nement l
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Example I
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Example II

37



Main result

Given a simplicial mesh M 2 Ed, our algo rithm builds a simplicial
mesh 
 of the spacetime domain M � [0 ; 1 ) that satis�es all the
follo wing criteria:

For every T � 0 the spacetime volume M � [0 ; T ] is contained in
the union of a �nite numb er of simplices of 


The minimum temp oral aspect ratio of any spacetime element
is bounded from below

height

durationduration
te

nt
po

le

x

t
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Main result (cont'd.)

Additionally , in 2D � Time,

Our algo rithm adapts the size of spacetime elements to a pos-
terio ri erro r estimate

Provided the numb er of re�nements is �nite, our algo rithm ter-
minates with a �nite mesh of M � [0 ; T ] fo r every ta rget time
T � 0

Other results omitted from this talk
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New meshing op erations

p

q

r

s

p

q

s

r

m

Inclined tentp oles Edge bisection

p

q

r

s

P

R

Q
S

Edge 
ips Vertex deletion
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Bounda ry tracking

Geometry and top ology of domain changes over time
e.g., combustion of solid ro cket fuel

The mesh must adapt by changing the size of mesh elements,
or by varying the placement of mesh features, or both

W e inco rp orate techniques lik e smo othing, usually perfo rmed as
a global remeshing step, into our lo cal advancing framew ork

41



T racking simple motion

I devised a policy to assign prio rities to various front advancing
op erations:

1. Coa rsen the front by deleting a vertex u

2. Flip an edge of the front if it imp roves the spatial aspect
ratio

3. Pitch an interio r vertex to smo oth lo cal triangulation

4. Pitch a bounda ry vertex in prescrib ed direction
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Additional heuristics

If an obtuse angle gets to o big, 
ip or bisect the opp osite edge

Bisect an edge if its endp oints have very di�erent velo cities;
cho ose an average velo cit y fo r new midp oint

Each op eration perfo rmed only when allo wed by the solver
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An example
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Conclusion
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Summa ry of results

Adapt mesh resolution to a posterio ri numerical erro r estimate

Spacetime Meshing with Adaptive Re�nement and Coa rsening

Reza Ab edi, Shuo-Heng Chung, Je� Erickson, Yong Fan, Michael Garland, Damrong Guo y,

Rob ert Hab er, John M. Sullivan, Shripad Thite, Yuan Zhou

20th Symp. Computational Geometry , June 2004

An h-adaptive Spacetime-Discontinuous Galerkin Metho d fo r Linea rized Elasto dy-

namics

Reza Ab edi, Rob ert Hab er, Shripad Thite, Je� Erickson

Submitted to Revue Europ �eenne des �El �ements Finis , 2005
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Summa ry of results (cont'd.)

Adapt to changing wavesp eeds

E�cient Spacetime Meshing with Nonlo cal Cone Constraints

Shripad Thite

13th International Meshing Roundtable, Septemb er 2004

A Uni�ed Algo rithm fo r Adaptive Spacetime Meshing with Nonlo cal Cone Constraints

Shripad Thite

21st Europ ean W orkshop on Computational Geometry , Ma rch 2005

Invited to special issue of Computational Geometry: Theo ry and Applications (CGT A)
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Summa ry of results (cont'd.)

Give mo re general meshing op erations in spacetime

Prop ose a framew ork fo r smo othing to imp rove mesh qualit y,
and fo r tracking moving bounda ries and other singula r surfaces
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Impact at a glance

My thesis extends T ent Pitcher to e�ciently solve mo re general
problems

Nonadaptive linea r Nonadaptive nonlinea r
Adaptive linea r Adaptive nonlinea r

Pro duce an e�ciently solvable non-degenerate mesh in all these
cases

Smo othing and bounda ry tracking do not create inverted ele-
ments

If the front triangles degrade in spatial qualit y mo re than ex-
pected, the algo rithm can get stuck

49



Some future directions

Extend algo rithms to arbitra ry dimensions, �rst 3D � time

e.g. Devise an adaptive meshing algo rithm in 3D � time

Give a provably correct and complete bounda ry tracking algo-
rithm fo r interesting classes of motion

Handle changes in top ology of domain over time
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Thank you!
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